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Abstract
Numerical solution to field governing equation of marine Controlled Source Electromagnetic (CSEM) geophysical surveys are 
commonly obtained using either finite element (FE) method or finite difference (FD) method. However, over the last couple of 
years, the use of wavelet method in finding numerical solution to field governing equation in various engineering applications has 
received great attention from researchers. The wavelet method has the advantage of providing more accurate solution then the FD 
and FE methods. In this paper, FD, FE and wavelet based numerical methods are implemented to solve field governing equation 
of CSEM geophysical survey. The results were obtained for both isotropic and homogeneous region and compared with 
analytical solution. It shows that for 1D isotropic region, the wavelet method results are closest in approximation to the analytical 
solution than the FD and FE. In particular, the wavelet method without multi-resolution analysis algorithm provides small error 
of 10-4 whereas the FD and FE gave error of 10ିଷ and 10ିଷ, respectively. With better accuracy, the wavelet method is expected 
to provide more accurate and stable solution for inversion of marine CSEM geophysical survey data.
© 2013 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of the Faculty of Information Science and Technology, Universiti Kebangsaan 
Malaysia.
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1. Introduction
Solution region for electromagnetic (EM) geophysical problem is complex, medium is inhomogeneous and an-
isotropy creates nonlinearities. So it is very difficult to find analytical solution for EM problems. Consequently, the 
solution of the field governing equation is obtained by applying numerical solution [1]. Previously most commonly 
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used numerical schemes are finite difference (FD) and finite element (FE) methods. FD method is accurate for 2nd
order differential equations, conceptually simple and easy to program, and more accurate expressions can be 
obtained by employing more elaborate and complicated formulas [1, 2]. FE method is powerful to give us good 
approximation when the solution region contains complex geometries and inhomogeneous media because of its 
triangular subspaces [3, 4].
In marine CSEM geophysical surveys, petroleum industry is continuously improving the modeling techniques by 
which they can reduce the risk of failure to find hydrocarbon reservoir [6]. Hence, there is a need to study new 
modeling techniques which provide accurate and also courteous data processing. 
Computational methods in geophysics involves four significant modeling steps i.e. establishment of physical 
model, mathematical modeling, discretization of these models, and implementing computer algorithms [7]. The 
modeling of geophysical data is based on numerical solution. In such numerical methods accuracy, stability and 
computational speed are highly accountable factors. Different numerical schemes are available providing
approximate solutions of sufficient accuracy for engineering purposes [8, 3]. In wavelet based numerical method, 
the geometry of temporal and spatial subspaces is restricted. Wavelet based numerical method provide convergence 
properties and also enables multi-resolution analysis to improve accuracy. This method also provides time frequency 
localization and it utilized Dyadic expansion to obtain certain accuracy levels. 
The objective of this study is to implement aforementioned numerical solution for marine CSEM geophysical 
method, then compare accuracy level of each method. This comparison motivated the development of inversion 
using wavelet based numerical methods for EM geophysical survey data in future.
1.1. Governing equation
The basic behaviour of EM field can be described either in terms of magnetic field intensity vector H(A/m) and 
electric field intensity vector E(V/m) or magnetic field density vector B(C/m2) and electric field density vector D 
(W/m2) [3, 9, 10]. Faraday’s and Ampere’s law defines the coupling of magnetic field intensity with electric field 
intensity. The coupling of field intensities defines the circulation of each field (E and H) that generates a time 
varying component of the other field. Field governing equation for Electromagnetic field in conductive medium is 
as,
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Equation (1) and (2) are field governing equations for electric field and magnetic field respectively. The field 
governing equation will be solved for different isotropic and anisotropic geological models (1D) using 
aforementioned numerical schemes as FD, FE and wavelet based numerical methods. The accuracy of numerical 
solution is finding by how well it agrees with analytical solution. In FD method and FE methods the speed and 
accuracy is defined by solver, however in WB it’s determined by the choice of scaling and wavelet functions [1-3].   
In numerical modeling, three types of errors can affect on accuracy namely discretization error, modeling error and 
computational error [1]. Modeling error caused by considering the continuous function by discretized functions. 
Discretization error involves the error due to truncation and ignoring higher order terms of Taylor expansion. The 
computational error is caused by determining one component of field (magnetic field) directly from other component 
(electric field) that is calculated by discretization. In FD method, if we are using staggered grid scheme, the 
truncation error rate is reduced because of central difference formula and fine meshing [1].
1.2. Finite difference method
FD numerical scheme is extensively used to solve partial differential equation (PDE) and applications are heat 
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diffusion and EM field propagation. FD scheme provides estimated solution to EM fields using Taylor’s series 
expansion. In 1D EM problem, the geological properties are varying along one direction (in rectangular coordinates 
it assumed along x-axis) and constant along other all directions (along y and z axis).
FD method is obtained by replacing the solution of differential equations with respective derivatives [3]. In EM 
field problem, the solution region is obtained by calculating the discrete values of magnetic and electric field using 
Maxwell’s expression as given in Equations (1) and (2) respectively. The discrete values are calculated using 
optimal gridding scheme to discretize the solution regions into small elements. 2nd order differential part is obtained 
by using an effective and optimal gridding scheme which is the staggered-grid scheme [11].
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Where ο݄ is the step size along x-axis, ݅ is the number of node. Equation (3) is the resultant form to use repeatedly 
for each discretized element obtained by FD method. It will use to calculate electric field for each node of 
discretized solution region and resultant form of linear algebraic equation can become in matrix form as,
 aW oM e i e bZP V  
(4)
Where ܯௐ the coefficients matrix, b is the boundary conditions, ǁ݁ is unknown electric field, ǁ݁ ௔ is anomalous 
electric field.
1.3. Finite element method
Methods of weighted residuals are commonly used to provide numerical solution and based on well-defined trial 
function.  Galerkin’s method is commonly used in which weight function comes from chosen basis function [12]. 
The approximated electric field can be written as [4, 12],
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Using field governing equation for electric field and weak formulation, the resultant form for an element can be 
written as,
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Using test function of Galerkin method, the above expression can be written as,
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Where ܤଵ and ܤଶ are (ݔ௜ାଵ െ ݔ) ݄௜Τ and (ݔ െ ݔ௜) ݄௜Τ respectively, ݅ is the number of element and ݄௜ is the step size. 
Eq. (7) will be solved for each element and resultant linear algebraic expression will become in matrix form as given 
in Equation (4)
1.4. Wavelet based numerical method
Galerkin's method uses piecewise polynomials and the method is called finite element method. By analogy, it is 
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called Galerkin’s wavelet method when the base functions are wavelets. The governing field equation for electric 
field in EM geophysical surveys is given in Eq. 1. If the source term is equal to zero then equation for electric field 
can be written as [4],
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To compute the weak form, as required by the Galerkin’s method, multiply by a base function and integrate over 
the domain:
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Approximated electric field is,
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Using Equation (10) into Equation (9) and as [13, 14],
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Equation (11) can be rewritten as [15, 16],
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Now we have to deal with the scaling functions. The scaling relation is defined as [17-19],
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Where from Equation (12) the 2nd term contain Kronecker delta function as
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In each type of aforementioned numerical schemes for the solution of PDE, the method must be able to approximate 
the derivatives and deal with nonlinearities. In wavelet based numerical method for the solution of PDE, first we 
need to solve the differential forms [19].
Two terms connection coefficient is used to solve first integral of Eq. (11) and resultant form of the equation  can 
be written as ,
1 2 1 21 2, ,1
, ,
,
ȁ  ȁd d d dd d p q zl pl k l k
p q
a a    ¦              (15)
Let Ȧ௟,௞
ௗభ,ௗమbe a column vector which 2N -3 components where N is the genus. The connection is defined as [18]. 
Above equation forms rank deficient solution; such solution provides no-unique solution [14]. To provide unique 
solution, we used normalized equation which is derived from moment equation as,
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The scaling function ߮(ݖ) is normalized by definition so that ܯ଴଴ . By induction on k, Latto et al. derive an 
explicit formula to compute the moments [19]:
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where the Ȧ௟,௞
଴,ଶare the Daubechies wavelet coefficients. Finally, the system will be written as [1],
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In order to solve the field governing equation for aforementioned problem, 2-term connection coefficients need 
to be pre-computed. Its algorithm is implemented in MATLAB which follow Daubechies wavelets of genus 6. 
Where the matrix coefficients are given in terms of the Daubechies wavelet coefficients [19],
: 2:l q p q l p
p
A a a   ¦
The final coefficients are as [19],
       Table 1. Connection coefficients
Variable (ܽ௞)
݇ = 0,1,ڮܦ െ 2
Coefficients
ܽ(଴) -5.267857142857094e+000
ܽ(ଵ),ܽ(ିଵ) 3.390476190476172e+000
ܽ(ଶ),ܽ(ିଶ) -8.761904761904729e-001
ܽ(ଷ),ܽ(ିଷ) 1.142857142857134e-001
ܽ(ସ),ܽ(ିସ) 5.357142857143170e-003
The resultant equation to provide the solution of field governing equation would be similar to that given in Eq. (4).
2. 1D simulation parameters and results discussion
In EM boundary value problem, the behavior of radiated EM field is dependent upon medium’s electrical 
properties, type of source excitation and boundary conditions. For 1D simulation in rectangular coordinate system, 
we assumed the electrical conductivity is varying along z-axis, while they are constant along x-axis and y-axis. 
Isotropic and an-isotropic geological structures are chosen to compare the numerical results which are obtained by 
using three different numerical schemes.  The dimensions for each model are given in Table 1.
In selected isotropic and anisotropic geological models, the electrical conductivity for seawater, sediments and 
hydrocarbon are 3.2 S/m, 1.0 S/m and 0.5 S/m respectively. The magnitude of source term and frequency of the 
signal are assumed to be equal to unity.
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        Table 2. modeling parameters
Model
Seawater Layer
(Thickness in km)
Sediments
(Thickness in km)
Hydrocarbon
(Thickness in km)
Sediments
(Thickness in km)
Seawater Isotropic 5.0 Km 0.0 Km 0.0 Km 0.0 Km
Sediments Isotropic 5.0 Km 0.0 Km 0.0 Km 0.0 Km
Hydrocarbon Isotropic 5.0 Km 0.0 Km 0.0 Km 0.0 Km
An-Isotropic-I 0.3 Km 0.7 Km 0.5 Km 3.5 Km
An-Isotropic-II 0.3 Km 0.7 Km 1.0 Km 3.0 Km
An-Isotropic-III 0.3 Km 0.7 Km 1.5 Km 2.5 Km
In FD method, the field governing equation is solved by staggered grid scheme that is accurate for 2nd order 
equations. This method is also suited for complex structure with large scale variation in medium properties. In FD 
method the accuracy can be increased if we include the higher order terms of Taylor’s series expansion. The FE 
numerical method is more accurate in 2D and 3D because of its triangle and hexahedron discretization schemes.  
However, in Wavelet the accuracy is dependent on the choice of wavelets. For selected models we are using db3 
wavelet for coarser approximation. In WB numerical method, the field governing equation is solved by only scaling 
function and results are closed enough to Exact solution. The results can be more accurate when we will use wavelet 
function with scaling functions.
Fig. 1. Simulation results for isotropic and an-isotropic geological models using FD, FE and Wavelet based Numerical solutions
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Table 3. Signal strength at distance of 1406.76 m far from source in isotropic seawater at 1Hz 
Methods Error
Exact Solution 0.006737 --
Wavelet Based Numerical Method 0.006792 0.000055
Finite Element Method 0.006146 0.000591
Finite Difference Method 0.006547 0.000190
The obtained results using FD, FE and WB numerical methods for selected models are shown in Fig.1. The 
magnitude of electric field component is given in logarithmic scale. In each case the results are compared and 
validated according to the skin depth for particular geological model as shown in Table 2. It shows that the Wavelet 
based numerical solution is more accurate to the exact solution even though we are using only scaling function with 
0th resolution
3. Conclusion 
For the solution of 2nd order differential part in 1D spatial domain, FD method using staggered grid scheme pick 
three nodes for any single element. FE picks two nodes in one element and wavelet D6 take nine nodes in each 
element. If we used same number of nodes in FE method for each element as we used wavelet, then the results will 
be obviously similar.
Wavelet based numerical methods would be able to provide more accuracy in comparison to the FD and FE 
methods. Wavelet based numerical methods involve the transformation of an object with respect to a basis function 
called wavelets.  Wavelet based numerical methods have many features that are important to be utilized for different 
signal analysis and image reconstruction in marine CSEM geophysical surveys. These features include its multiple 
resolution, localization of wavelets in time and frequency domain, signal de-noising, excellent data comparison 
capabilities, fast and highly accurate. Because of multi- resolution property, high accuracy and de-noising, it is 
capable to provide fast convergence rate in inversion. In future we will implement hierarchical solution using 
wavelet function and then inversion of marine CSEM survey data using Wavelets numerical methods and iterative 
schemes
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